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Abstract 

Maps of functions on classical phase space to quantum operators do not preserve the 
algebraic structure. After locating the algebraic reasons for it, the problem ofquantisation 
is redefined and the Moyal bracket is discussed for its structure preservation. This 
quantisation entails the inclusion of Schwartz distributions to the space of classical 
functions. 

I. Introduction 

Consider  the phase space Z = (q,p) o f  one-dimensional non-relativistic 
motion.  Let C(z) be the set o f  classical physical observables which are 
infinitely differentiable functions on (z). Now C is a Lie algebra under the 
Poisson bracket 

(f,g),.,. = af Og of og aq ap ap aq " ( ! . i )  

By a quantisation of Cis meant the determination of a linear map E:C --~ (~ 
of self-adjoint operators on the Hilbcrt space of state vectors such that 

E(f,g)e.s. = [Ef, Eg] (!.2) 

where the right-hand side is the c o m m u t a t o r  o f  E / a n d  Eg. This rather old 
problem is sufficiently battered about  by now with regard to its algebraic 
structure preservation; one concludes (Arens & Babbitt, 1965) that it is 
not  possible to find an E such that 

E ( f . g )  = EfEg (I .3) 
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wheref.g(z)=f(z)g(z) is the pointwise product o f f  and g e C. Now in 
retrospect we feel that trying to solve (!.3) for E must indeed be infructuous 
for the following reason: 

In apposition to classical mechanics, physical observables in quantum 
theory, namely elements of ~, are stochastic variables with probability 
distribution functions which have positice dispersion in general. Suppose we 
want the joint probability distribution of two stochastic variables to be 
given uniquely from their marginal probability distributions alone. This 
is possible if and only if the operators corresponding to these stochastic 
variables commute (van Neumann, 1955). Hence in a semi-classical 
description where we try to embed these stochastic variables in a function 
space of  probability distributions in phase space, it is necessary that these 
functions constitute a non-commutative algebra. But the point product 
f .g  in (!.3) is commutative and even the functions are causal functions. 
Hence, it looks reasonable to postulate instead an equation such as 

E ( f x  g) = EFEG (I.4) 

where f x  g is a suitable non-commutative product of classical 'objects', 
whose nature we shall determine in the last section, and F and G are in 
some way related to fand  g respectively. 

In fact it is important to note that non-commutativity is not sufficient; 
in order that E be a homomorphism the algebra should also be associative, 
because the algebra on ~ is associative. For instance, consider the Peisson 
bracket. It has been proved (Wollenberg, 1969) that it cannot be represented 
by a commutator over an associative algebra on C(z). It is precisely for this 
reason that there does not exist an E satisfying the equation (1.2). 

Hence we propose, in this paper, to discuss quantisation of such non- 
commutative associative algebras. We shall first carry out this programme 
in a general set up and then deal with the Moyal algebra as a particular case, 
which, in our opinion, is the only relevant one. 

2. The General Case 

On C define the product 

f x  g = f K(zi,zz, z)f(z~)~zz) dz, dz2 (2.l) 

through a kernel K e C. (Here and hereafter all the integrals are from -oo 
to 4-0o.) For C to represent a dynamical system we must ~quire (2.1) to 
fulfil the conditions that 

(a) C is closed under x; 

(b) x is not commutative in general; 
(c) x is associative. 
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Then there exists the natural Lie bracket {f,g} = fx  g - g  •  C and 
the mapping g ~ {f,g} is ~ der/vation over C. 

These requirements on the product naturally throw up sufficient con- 
ditions on Kin the form of functional equations (Sriram & Shankara, 1969). 
Hence for a suitable class of kernels K ~ C for which the corresponding 
functional equationsare solvable, we have in Ca representation of dynamics. 

Now we shall determine an algebra homomorphism E: C ~ ~; in other 
words, we shall find a mapping E such that 

E{ f ,g }  = [EF, EGI. (2.2) 

Allowing E to o~rate  on (2. !) we have 

E( f  • g) = E f K(z t, z2, z)f(zt)g(z2) dzl dz, 

f EK(z,,zz, z)/(z,)~<z~)aT, a~. 

Assume thai there exists a factorisation 

EK(zl, z2, z) .= EK.(z,, z2, z) EKiJ(zz, z2, z) 

where K., K~ ~ C. Then the above equation gives 

E ( f  x g)-- f EK, f(za)dz, f eK~g(~ , )~ .  

(2.3) 

(2.4) 

Now define 

F.= f X.(z,, zz, z)f(z,) dzl (2.s) 

O = f K~(z,, z~, z)g(z,) dz2 (2.6) 

as K-integral transforms o f f  and g respectively. Then (2.4) assumes the 
form 

E ( f  • g) = EFEG. (2.7) 

Since K, K~,, K'O all belong to C the functionsfu g, F, G, also belong to C. 
Hence Eis a homomorphism of C - ,  ~. Ofcourse, such an Eautmnatically 
ensures also the Lie algebra homomorphism: 

E{f,g} ~ E(f • g--g • f )  =, [EF, EG]. 

However, the assumed factorisation (2.3) is not unique; indeed any 
EK, which has an inverse determines EKp and conversely. Hence the 
mapplngf--~ F is one-to-many. 
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3. H o m o m o r p h i c  QuantisaFion o f  the Moya1 ,4 lgebra t  

Now for an example, we shall deal explicitly with the quantisation of 
the Moyal algebra (Jordan & Sudarshan, 1961). The Moyal bracket is 

which can further be thrown into a commutator form as 

{fig} --fx g - g  •  (3.1) 

where 

f x  g = r  { i  [ (q - q l ) ( P  - P2) - (q - q2) (P - P l ) l } f ( z l ) g ( z 2 ) d z t  at-.,. 

(3.2) 

This is an ~ssociative, non-comm utative, non-local product. 
Now many of the operator assignments are representable as 

f exp ( i ~  + irp)  ~(71, r)  exp (-i~lq - i r p ) f ( z )  d~ El= dr d :  

where ~ and .~ are position and momentum operators respectively and 
is ~. differentiable function satisfying some boundary conditions (Misra & 
Shankara, 1968). Integrating the right-hand side we get 

E f  = f - z)• 

( f ,   ra)(e) 
where ..~')t is the Fourier transform of  2~ and * is the convolution. When ,~ 
is a polynomial .~'~ is a distribut;on. For example Weyl's rule corresponds 
to the case ,~ = I, so that 

E w  f = ( f  * 3) (~) = f (~ . )  (3.3) 

We shall restrict to this rule in our further discussion. 
Now the operator corresponding to the product function (3.2) is hence 

given by 

g) = " ~ - -  J exp { i [(q - q,) (/~ - P2) -~ (q - qz)(/5 - P,)]} • E w ( f  • 

x f ( z l ) g ( z z ) d z l  dzl  

~ f  exp { i t (p ,  - P2)q - (q, - q2),O + (q, Pz - q2P,)]} x 

x f ( z n ) g ( z 2 ) d z l  dz2. 

t After this paper was submitted, we r~ceived a Texas University prcphnt by Simonl. 
Sudarshart and Zaccaria in which the quantisation of non-commutative associative 
algebras has been solved. They show that apart from trivial transformations, the complex 
Moyal bracket (with h complex) is the only solution: the classical Poisson bracket is the 
limit k ~ 0 o f  the Moyal brackct. 
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The exponential operator in the integrand of this integral may now be 
factorised using Baker-Hausdorf formula. Thus 

Ew( f •  ~ f exp[i(p,4-q,p + �89 • 

x I exp [-i(pz 4 - qz P - �89 Pt)] g(:z) dz2 

I EwFEwG 
i 

where 

F = I exp Ii(p,q - q, p + �89 f(z,)d_-, (3.4) 

G = f exp [-~.(Pzq - qzP - �89 dz2. (3.5) 

Thus the assumption (2.3) of  our hypothesis is satisfied. But the factorisa- 
tion employed above is not unique; an obviously different splitting is 
obtained on interchanging :he numbers qlPz and q2Pt in the two exponen- 
tials in (3.4) and (3.5). 

4. Some Features of This Quantisation 

Consider the product (3.2). l f f a n d  g are both functions of either only 
q or only p, it is easy to demonstrate t ha t f  x g is cgmmutative. It is non- 
commutative only when there is a mix-up ofq  and q in the product. This 
is already reminiscent ofthe quantum situation. Hence. in this quantisation, 
it would be interesting to seek the classical image of the polynomial opera- 
tot's ofquantum theory in particular. For this purpose it would be sufficient 
to consider the case of the fundamental commutator with EF= ~ and 
EG=~ which are the traditional position and momentum operators 
obtained by Weyls's rule. Thus it is required to determine f and g corre- 
sponding to Fand G. From (3.4) and (3.5) we have 

q-- f exp if(p,q-q,p + l~,pz)f(z,)dz, 

f exp [-i(p2 q -- qz P - ~q2 P t)] g(zz) dz2 P 

Solving these equations for fand  g we get 

f ( z l ) - -exp( -~qtP2)  f qexp[-i(plq-qtp)]dqdp 

t 
--- - i  exp (--~q, Pz) ~(q,) 8 (P ,), 



400 T. ~L SHANKARA AND M. D. SRINIVAS 

l 

i e 

Now these are Schwartz distributiong ,,e;;r "~ on kernel functions belonging 
to C and not just ordinary functions. Th,,3 :~e k.~ ,z. shown that if quantisa- 
tion is required to be homomorph.::., ": will be necessary to represent 
classical observables by Schwar'~z distribu'ions when the corresponding 
quantum observables are pol~lomia;.~ :f ~. ~ .is is a result which completely 
corroborates the situation in 5udarshan's "O~fical Equivalence Theorem" 
($uda~shan, 1963). But we shall ela~'oratr on this point elsewhere. As in 
Suda:~,han's theorem, at first ~ight, the presence of these distributions may 
appear tc, give rise to difficulties when their products are involved--a 
si~atio a ,~]~ imitating the difficulties in Hermann's quantisation 
(Herman,, ;965); namely, when he identifies the classical phase space 
with a s~L~.et of the quantum phase space by his quantisation (fractional), 
powers of the ~-function appear which do not fit in with the standard 
Hilbert space framework. But here, however, the definition of the product 
of  distributions is valid since their domains are disjoint and the definition 
always includes the kernels which act as test functions. Thus the results of 
this section are in precise agreement with our speculations in the second 
paragraph of  the introduction. 

Conclusion 

The multiplication of  the base algebra over which the Poisson bracket is 
defined is non-associative, commutative and local; indeed, it cannot be 
expressed as a commutator over an associative algebra. The quantum 
mechanical Lie algebra on the other hand, is exactly its antithesis: namely, 
its Lie bracket is a commutator over an associative, non-commutative and 
non-local algebra. It is this situation which forbids any nile of quantisation 
from preserving the algebraic structure. Hence, if one insists on structure 
preservation, it is necessary that the base algebra of classical observables 
is also associative, non-commutative and non-local. In this paper such 
algebras have been quantised in general and the Moyal algebra is considered 
as a particular example. The procedure demonstrates that the elements of 
the algebra be Schwartz distributions acting on kernels whic! :e ordinary 
functions, but are not ordinary functions themselves. Thus, an homo- 
morphic quantisation enforces a prolongation of the ring of observables 
on classical phase space to include Schwartz distributions. Hence it would 
be interesting to derive the actual expressions of these classical distributions 
corresponding to various density matrices th~ oct'u: in qtlantum theory 
and study them in the light of the Optical Equivalence ~ ~)e~cm. 
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